International Journal of Applied Mathematics & International Academy of Science,
“

& Statistical Sciences (IJAMSS) . .
ISSN(P): 2319-3972; ISSN(E): 2319-3980 Engineering and Technology

Vol. 3, Issue 1, Jan 2014, 63-70 : . 5 ¢
© IASET IASET Connecting Researchers; Nurturing Innovations

COMMON FIXED POINT THEOREMS IN HILBERT SPACE

ARVIND KUMAR SHARMA', V. H. BADSHAH? & V. K. GUPTA®
!Department of Engineering Mathematics, M.1.T.M, Ujjain, Madhya Pradesh, India
2School of Studies in Mathematics, Vikram University, Ujjain, Madhya Pradesh, India
®Department of Mathematics, Government Madhav Science College, Ujjain, Madhya Pradesh, India

ABSTRACT

The aim of this present paper is to obtain a common fixed point for continuous self mappings on Hilbert space.

Our purpose here is to generalize the our previous result [3]
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INTRODUCTION

Kannan [3] proved that a self mapping T on complete metric space (X,d) satisfying the condition
. 1
d(x,y) < a{ d(x,TX)+d(y,Ty) | forallx,y in X where 0 < <E has a unique fixed in (X,d).

Koparde and Waghmode [5] have proved fixed point theorem for a self mappings T on a closed subset S of

Hilbert space H, satisfying the Kannan type condition
[Tx-T y||2 < a{||x—Tx||2 +||y—Ty||2} forallx,yinSandx=y;0<a<

Koparde and Waghmode [5] also extended this result to the pair of mappings T, and T, and to their power p,q are

some positive integers.

In this paper we have obtained a unique fixed point for self mapping satisfying rational inequality

=T +y - Tyl

+pB|x—y|| forallx,yinS and xy; 1>0520, B>0and 2a+ 4 <1.
=7 +[y-Ty| 2

[Tx=Ty| < a{

In a Hilbert space
MAIN RESULTS
We proved followingg fixed point theorems.

Theorem 1: Let S be a closed subset of a Hilbert space H. Let T be a self mappings on S satisfying the following condition

e +ly =Tl

+p|x—y| forallx,yinS and x=y; E>0520, B=0and 2+ B <1.
[x=T] +[y-Ty| 2

[Tx—Ty| < a{

Then T has a unique common fixed point.
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Proof: Let S be a closed subset of a Hilbert space H . Let T be a self mappings on S. Let x, €S be any arbitrary

pointin S.

Define a sequence {Xn }n(jl

in S by
Xni1 = TXq =T”+1xo, forn=0,12, ....
Supposethat X,,1 # X, forn=0,12, ....

For any integer n > 1.

||Xn+1 ~Xn " = "Txn _Txnfl"

2 2
-T -T
Sa{ b =Tl s = Ty }wnxn-xn-lu

[%n =T | +[[Xp-2 = TXoa

R e e

- + B%0 — %o
T o] +Jroa ]~ 2P 0l

{"Xn ~ X |+ [Xos =% "}2

R DS 1 I3 L |

S

< a"Xn - Xn+1|| +O‘Hanl Xy "+ 'Buxn - Xn&"
= &Yy = X[+ @ [Xq = Xq o[+ B[%q = %o
i [[Xnar = %ol < @ Xnen = Xa + X0 = X+ Bl%0 = X4

= (1_a)||xn+1 - xn” < (06 +IB) "Xn - Xn—l"

a+,8||xn_

l-a o

= ||Xn+l — X, " =

f k=27 thenk <1.
1-«

"Xn+l ~*n " <k "Xn B Xn—l"
<KXy = X | < KZ X0 = Xo_a | < K3{[Xn2 = Xog|| < . <KX = X

s =Xl <KX =] forall n>1is integer.

ie |x
Now for any positive integer m>n>1

"Xn - Xm" S "Xn - Xn+1||+||xn+l - Xn+2"+'"+||xm—l - Xm”

<k" ||X1—Xo||+|<n+1 % —Xo||+---+kW1 =
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<k" % =] (1+k+...+km‘“‘l)

n
i€, =X < [1k—k}||xl—xo|| —0asn— o (k<1)

Therefore {x,} ”

_, isa Cauchy sequence.
Since S is a closed subset of a Hilbert space H, so {xn}nf1 converges to a point u in S.

Now we will show that u is common fixed point of self mappings T from S into S.

Suppose that Tu=#u .
Consider
Ju=Tul < fu=x,]+]x ~Tu]
=[x =T

=T Xy =T

< o) Iaa =T +u-Tul?
oo = Toxoal| +Ju=Tu]

{ nxnl—xnnz+||u—Tmulf}+ﬂnxn_l-un

X2 = +u=Tou]

}+ﬁhmrﬂﬂ

ie. Jlu=Tu| <a{x, s =% +u=Tul}+A]x,,—u]
(-a)|u-Tu|<a|xg =X, |+ B[*1—u] —0 as n—owo
So |u-Tu|<o.

Hence u=Tu .

Hence u is a common fixed point of self mappings T.

Uniqueness: Suppose that there is U= w such that Tw=w.

Consider ||u—w|=| Tu—Tw|

u—Tulf +| w—Tw|
Sa{n I'+] ||}+ﬁ”u_MI

| u=Tul|+] w=Tw|
<a|u-Tul+ea| w-Tw|+B|u-w|

ie. Ju-w|<pBlu-w|
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= Ju-w] =0
Thus u = w.

Hence fixed point is unique.
Theorem 2: Let S be a closed subset of a Hilbert space H. Let T, and T, are self mappings on S satisfying the following

condition

=T +ly-Toyl"
[x=Tex] +ly=Tzy]

[Tx-T,y < a{ }+ﬂ||x—y|| forallx,y inS and x#y; %>a20, f>0and 2o+ f <1.

Then T, and T, have a unique common fixed point.

Proof: Let S be a closed subset of a Hilbert space H . Let T; and T, are self mappings on S. Let X, €S be any

arbitrary pointin S.
Define a sequence {Xn }n: in S by

Xons1 = T1Xon for n—0.12
Xon2 = ToXonp

Supposethat X, o # Xn4q #= X, for n=0,1,2, ....

Consider

b= = [Tuxo=Tox

[[%o —Tlx0||2 +[% —T2x1||2
<a + [||%o — X
{ [% = ToXo| +[|x4 = Tox | % =4l

% — X1||2 +x -~ X2||2

%o =X+ % =2 |

+Bl% x|

< afxg x| +alx — x|+ B]x — x|
e =X < axo = x|+ e} = Xo||+ Bl% =
= (1-a) |} =X | < (@+B)|x — x|

(a+p)
(1-a)

= ||x1—x2|| <

%o =l

f k=27 thenk <1.
1-«

e =%zl < ko — ]

Now
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X2 =] = [Tox ~Toxe|
= [ Tyx, = Tox|

caf el Tl gy

e =T +[x = Tox|

Xz - X3||2 +x — "2”2

Xz = s + | = e

+Blxe =

i X —Xs| < afx, = Xa| + | = %o ||+ B[¥2 — |
= [1-a)|% = x| < (@+ B) x4 — X

(a+p5)
1-a)

= [xe—x < I ||

if k=28 thenk <1.
1-a

%2 = 3] < k¥~

<k?|xo =
e X=X <k?[x0 — x|
Hence by induction we get for integer n > 1

% =l < K" o=

Or

%2 =%, < K" =]

Now for any positive integer m>n=>1

[ = < %0 = el + s = Ko |4 [ = |

<K [xg = %o+ K" g =g+ 4+ K™ = o

<k" % =% (1+k+...+km’”’l)

n
i€, =Xy < {f—kJ”xl—xO" —0asn— o (k<1)

Therefore {xn}nfl is a Cauchy sequence.

Since S is a closed subset of a Hilbert space H, so {xn}n:o1 converges to a pointu in S.

Now we will show that u is common fixed point of the pair of mappings T, and T, from S into S.

67
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First we will show that u is fixed point of T .

Suppose that T,u #u

Consider
Ju =T < Ju =+ [Xen., = T
< ||X2n+2 _Tlu”

= ”Tz Xons1 — Tlu”
= |[Tu—T,x

2n+1”

2 2
_ { o T+ e~ Tt }mnu—xmn

”u _Tlu” + ||X2n+1 _T2X2n+1||

<a ||U —T1U||2 + ||X2n+1 - X2n-+—2||2 + ﬂ”u _ X2 1”

||U _Tlu” + ||X2n+l - X2n+2|| "
ie. Ju =T < @ {Ju—Toul|+ %o = Xanaz |+ Bl = Xona|
1-a) "U _T1U|| < 0‘||X2n+1 —Xons2 " + /3"“ - X2n+1|| —>0asn—->ow

So |u-Tu|<o0.
Hence u=Tu .

Similarly we can prove that u is fixed point of T,
Hence u is a common fixed point of mappings T, and T,

Uniqueness: Suppose that there is w # usuch that T,w=w .

Consider ||u—w|=| Tu-T,w|

2 2
< Ju=Tou]" + w—Tow +Blu-w
Ju=Tau]| +w—Tow

saf u-Tul+af w-Tw|+ Blu-w]
e Ju-w]<gu-w]

= [u-wj=0
Thus u = w.

Similarly veS ifissuchthat Tiv=v then u=v
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Hence u is unique common fixed point of T, and T»,.

Corollary

Let p and q be two positive integers such that operators T,” and T, :S—S where S is closed subset of Hilbert

space H,satisfy the inequality

|

HTlpx—Tzqus a +p|x-y| forallx,yin$ and x=y; %>a2 0, #>0and 2a+ B <1.

e -T2
Then T, and T, have a unique common fixed point.

Proof: By the above theorem, the T," and T, have a unique common fixed point, say ueS
Since u=T"u

therefore T u=T, (Tlpu)
=T,"(T)

i.e. Tu isalso a fixed point of T,° .But by above theorem T,° has a unique fixed point.
Therefore, T,u=u.
Similarly T,u=u.

Hence u is common fixed point of T, and T,

For uniqueness ,if w is a another common fixed point of T, and T, then clearly w is a also a common fixed point
of T,"and T,%

This gives w = u.
This completes the proof.

Example: Let X = [0, 1], with Euclidean metric d .Then {X, d} is a Hilbert space with the norm defined by

d(x ) =[x-y.

X, Whennisodd

Let {X}, = 1

o7 X Whenniseven

be the sequence in X

and let Let T, and T, are self mappings on X defined by

T (%)= and T, ( x)=

w | x
N | X
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Clearly T, and T, are are satisfy the rational inequality. Also sequence {Xn }r:l is a Cauchy sequence in X, which

is converges in X also it has a common point in X.

CONCLUSIONS

In this paper we replace Kannan inequality by rational inequality The theorems proved in this paper by using

rational inequality is improved and stronger form of some earlier inequality given by Kannan [3], Koparde and

Waghmode [5]. We have obtained a unique fixed point for self mapping satisfying rational inequality extended this result

to the pair of mappings T, and T, and to their power p,q are some positive integers.
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